In this paper we use Malliavin calculus techniques to obtain an expression for the short-time behavior of the at-the-money implied volatility skew for a generalization of the Bates model, where the volatility does not need to be a diffusion or a Markov process, as the examples in Sect. 7 show. This expression depends on the derivative of the volatility in the sense of Malliavin calculus.
Introduction
In the last years several authors have studied different extensions of the classical Black-Scholes model in order to explain the current market behavior. Among these extensions, one of the most popular allows the volatility to be a stochastic process (see, for example, [5, 14, 15, 23, 24] , among others).
It is well known that classical stochastic volatility diffusion models, where the volatility also follows a diffusion process, capture some important features of the implied volatility-for example, its variation with respect to the strike price, described graphically as a smile or skew (see [21] ). But the observed implied volatility exhibits dependence not only on the strike price, but also on the time to maturity (term structure). Unfortunately, the term structure is not easily explained by classical stochastic volatility models. For instance, a popular rule of thumb for the short-time behavior with respect to time to maturity, based on empirical observations, states that the skew slope is approximately O((T − t)
2 ), while the rate for these stochastic volatility models is O(1); see [18, 19], or [17] . Note that in these models, for reasonable coefficients in their dynamics, volatility behaves almost as a constant, on a very short time-scale. Consequently, returns are roughly normally distributed and the skew becomes quite flat. This problem has motivated the introduction of jumps in the asset price dynamic models. Although the rate of the skew slope for models with jumps is still O(1), as is shown by Medvedev and Scaillet [19] , they allow flexible modeling and generate skews and smiles similar to those observed in market data (see [6-8], or [9] ). Recently, Fouque et al. [13] have introduced continuous diffusion models again to describe the empirical short-time skew. Their idea is to include suitable coefficients that depend on the time till the next maturity date and that guarantee the variability to be large enough near the maturity time.
The difficulties in fitting classical stochastic volatility models or models with jumps to observed marked prices have motivated, as an alternative approach, to model directly the implied volatility surfaces. Some recent research in modeling and existence issues for stochastic implied volatility models can be found in [16, 22] , and the references therein.
The main goal of this paper is to provide a method based on the techniques of Malliavin calculus to estimate the rate of the short-dated behavior of the implied volatility (see Theorem 7 below) for general jump-diffusion stochastic volatility models, where the volatility does not need to be a diffusion or a Markov process. It is well known that the Malliavin calculus is a powerful tool to deal with anticipating processes. Since the future volatility is not adapted, this theory becomes a natural tool to analyze this problem. Hence, now it is possible to deal with a volatility in a class that includes fractional processes with parameter in (0, 1), Markov processes and processes with time-varying coefficients, among others.
The paper is organized as follows. In Sect. 2 we introduce the framework and the notation that we utilize in this paper. In Sect. 3 we state our basic tool, namely, an anticipating Itô formula for the Skorohod integral. As a consequence, in Sect. 4, we obtain an extended Hull and White formula for a general class of jump-diffusion models with stochastic volatility. An expression for the derivative of the implied volatility is given in Sect. 5. Section 6 is devoted to the main result of this article. This means
